Abstract. Two questions are posed: (a) Which Abelian torsion groups admit a PGT (pseudocompact group topology)? (b) If an Abelian torsion group G admits a PGT, for which cardinal numbers α may such a topology &~ be chosen so that the weight of the space <G, <^"> is equal to a? The authors answer question (a) completely (Theorems 3.17 and 3.19). In Theorem 3.24 for α > γ > ω they characterize those Abelian torsion groups of cardinality γ which admit a PGT of weight a. This furnishes partial answers to (b).
is pseudocompact; furthermore, K = β S in this case. (It is clear that S is a topological group if each X t is a topological group and the point^ = e { is selected.) Motivated in part by the observation that S s above is G^-dense in K, Comfort and ROSS [11] initiated a formal study of pseudocompact groups (see 1.4 below for a Statement of the principal results of [11] ). Their results were subsequently strengthened and generalized by many workers, including M. Husek, M. Tkachenko, J. Trigos-Arrieta, V. Uspenskii, and J. de Vries (see [3] for specific references) and more recently by Hernandez and Sanchis [21] . The surveys [2] and [3] cite numerous additional investigations of pseudocompactness in the context of topological groups, many of them dealing with aspects of the (still unsolved) question whether every pseudocompact group of uncountable weight admits a proper dense pseudocompact subgroup.
While the topological theory of pseudocompact groups enjoys, then, a certain vitality, there exists at present no algebraic characterization of those groups which admit a pseudocompact group topology. (In contrast, the structure ofthose Abelian groups which admit a compact group topology has been understood for some decades; see Hewitt and ROSS [23] (25.25) for a complete characterization.) In the present paper we solve this problem for Abelian torsion groups. Our characterization depends on the fact that every pseudocompact Abelian torsion group is of bounded order (Theorem 1.3), hence is algebraically the direct sum of finite cyclic groups (cf. [18] (17.2)). Theorem 3.19 allows us to reduce the problem to Abelian/?-groups of bounded order, while 3.14 illustrates the difficulties encountered in the general case: let γ be an inadmissible cardinal (cf. § 2), fix a prime number /?, and define G 0 = 0,Z(/0 Θ 0 2 v Z (p 2 ) , and G, = 0 2V Z(/0 Θ 0,ZQ> 2 ); then G 0 admits a pseudocompact group topology, and G i does not. This example shows inter alia that the algebraic structure of the socle of a /?-group G does not determine whether G admits a pseudocompact group topology.
Our characterization of those Abelian torsion groups which admit a pseudocompact group topology takes a particularly pleasing form (Theorem 3.20) in the axiom System ZFC + (M). (Here axiom (M), stated in 2.4 below, is a consequence of the singular cardinals hypothesis. Whether (M) is a theorem of ZFC is unknown; see 2.4 for a discussion of this point. ) We characterize in Theorem 3.24 all infinite Abelian torsion groups admitting a pseudocompact group topology of weight α with |G| < a, and en r oute to our principal results we show Theorem 3.5: for infinite cardinals y and α and for finite Abelian groups Fwith |F| > l, if some group of cardinality y admits a pseudocompact group topology of weight a, then0 y F does so; and in this case, the choice α = log 7 is possible. This paper is a sequel to our earlier work [7] . Some results similar to ours have been achieved independently and approximately simultaneously, and announced without proof, by Dikranjan and Shakhmatov [14] . Our own announcements appear in [5] , [6] , and [3] ( § 3.10B).
0.1. Acknowledgement. We thank Professor K. H. Hofmann for extensive helpful comments. § 1. Preliminaries
We consider only completely regul r, Hausdorff spaces. The cardinality of a set Xis denoted \X\. We denote the identity element of the groups we consider (whether or not assumed Abelian) by the symbol 0.
The weight and density character of a space X are written w(X) and d(X), respectively.
The following three Statements will be used below.
1.1. Theorem. Lei G be a dense subgroup of a topological group K.
(a) Iffflisa local base for K at 0, then {xB : χ e G, Be $} is a basefor K.
Proof. (a) is easily proved, s is (b) in case | G \ < ω; so we take | G \ > ω. The "local weight function" χ satisfies χ(0, G) = χ(0, ΛΓ), so (a) gives It is a theorem of Weil [31] that there is a compact group G, unique in an obvious sense, in which G is dense; we call G the Weil completion of G. The symbols a, /?, y, and κ denote cardinal numbers, and ω is the least infinite cardinal. The symbol ξ denotes an ordinal number.
Theorem ([11]). (a)
For α > ω we write log α = min [ : 2 > a}. Clearly α = log α if and only if every β < α satisfies 2 < a; such a cardinal α is called a strong limit cardinal.
The symbols N and [P denote respectively the set of positive integers and the set of prime numbers; and for n e N we write Z (n) for the cyclic group of order n. § 2. The "Function" m and Hypothesis (M)
We begin this section with a definition from [8] . (Here for a space .Af the symbol P(X) denotes the set X with the topology generated by the G^-subsets of the space X. Standard Information about spaces of the form P(X) is available, for instance, in [4] ( § 2). Thus in the interest of specificity one might s well define w(a) by the rule With m (a) so defined, the following Statement is transparent.
Theorem ([7]). Lei ω < α < β. Then m (α) < m( ) . D
The following Statement summarizes most of the (other) Information known about the cardinal numbers m (a).
Theorem
In [7] , the Statement "m (a) = (log α) ω for all α > ω", suggested by 2.3 (c), is denoted (M). Whether (M) is a theorem of ZFC is a question raised in [1] and in [8] . It is known [1] , [8] that the singular cardinals hypothesis (here abbreviated SCH) implies (M). Since SCH is equivalent to the condition that κ ω = κ for all κ > c with cf (κ) > ω (cf. Jech [25] ( § 8)), while (according to 2.3) (M) is equivalent to the condition that κ ω = κ for cardinals of the form κ = m (α), it is natural to inquire whether (M) => SCH. Assuming the consistency relative to ZFC of suitable large cardinal axioms, this implication cannot be proved, since Masaveu [30] has shown that (M) holds in certain of the models of Magidor [28] , [29] in which SCH fails. (Devlin and Jensen [13] have shown that some large cardinal assumption is necessary for the construction of a model where SCH fails.) Masaveu's calculations keep alive the possibility that the answer to the following question, reiterated here in the interest of completeness, is "Yes." We believe however that (M) fails in certain models of ZFC.
2.5. Question [1] , [8] . Is (M) a theorem of ZFC? α As in [7] , we denote by ^(oc) the class of groups which admit a pseudocompact group topology of weight a; appropriating a term from [14] we say that a cardinal y is admissible if some group of cardinality y admits a pseudocompact group topology. (According to this use of the term, the positive finite cardinals are admissible. Though we have little use for the finite cardinals in this context, this convention simplifies the Statement of some of our theorems and is otherwise harmless.) Using different notation and terminology, the infinite admissible cardinals were characterized in the axiom System ZFC + SCH (in terms of their arithmetic properties) by van Douwen [17] ; see [8] for a more f ll account, and see [7] for proofs in succinct language of several of the results of [17] . In any event it is clear that for infinite cardinals α and y the following two conditions are equivalent: m (a) < y < 2 a ; some group G with | G | = y satisfies G e & (a). It should be noted explicitly however that not every group G such that | G \ is admissible admits a pseudocompact group topology. Isolated examples are given in [7] , and the existence of large f amilies of such groups G will become apparent in Theorems 3.17 and 3.19 below.
When a shift of emphasis is appropriate, we write ae.i/(y) in place of m(a) < y < T. § 3. Finding some pseudocompactifiable groups 3.1. Lemma. Lei α > ω and let F be a finite Abelian group with \F\ > 1. Then Proof. It is enough to treat the case F = Z (p r ) with p € P, 0 < r < ω; for if the result is known for such groups then from the isomorphism 
Lemma. Every infinite admissible cardinal y satisfies logy e *£/(y).
Proof. There is α > ω such that m (a) < y < 2 a , so m(logy) < w(a) < y follows from logy < a and 2.2. That γ < 2 logy is evident. D
With the help of 3.4, Theorem 3.3 takes the following form. If any group of cardinality y admits a pseudocompact group topology of weight a, then @ y Fdoes so; and in this case (J) y F admits a pseudocompact group topology of weight log y. In our work [7] , by different methods we have achieved identical results for the groups φ Q and @ y Z -but in the latter case only in the axiom System ZFC + (M) for α > ω. The fact that (J) y 2 serves (in this sense) s a test space for the admissibility of the cardinal 7 has been announced in ZFC alone, with no additional axioms, by Dikranjan and Shakhmatov (see [3] (3.10B.2)).
3.7. Question. Let G be a group which admits a pseudocompact group topology -that is, G e Ή(κ) for some cardinal κ. Suppose further that α e s/(\ G |) with α > ω. Must G e ^(a)? What about the special case α = log | G |? α
We ask a sharpened Version of 3.7 in 3.22 below. Although we have been unable to settle Question 3.7 even when G is an Abelian torsion group, we have successfully determined which Abelian torsion groups do admit a pseudocompact group topology. We turn now to that subject, beginning with a useful characterization of the admissible cardinals. 
satisfies that relation.) Clearly, such y satisfy the condition of Theorem 3.5. Although strong limit cardinals y never satisfy y = 2 logy , it is nevertheless easy to determine which limit cardinals are, and which are not, admissible.
Theorem (cf. also [17]). Lei ybea strong limit cardmal. Then γ is admissible ifand only if cf (y) > ω.
Proof. If 7 is admissible then from 3.4 and 2.3 (c) follows 7 = loglogy < w(log7) < 7; thus 7 = m(log7), and cf(7) > ω follows from 2.3 (b).
Conversely if cf (7) > ω then again from 2.3 follows
The following lemma, which shows that for every infinite admissible cardinal 7 there exists α such that m (a) < 7 < 2 a , will allow us to extend (in part) the results of 3.3 to groups of the form @ y F 0 φ ( < y G f with each G i c F. Our notation is intended to admit the possibility that G f = {0} for some or all of the groups G f , so 3.11 and 3.12 apply in particular to the groups (f) y F. Proof. Lemma 3.4 gives logy e j/(y), so this Statement is the special case α = logy of3.11. α 3.13. Remark. With α = logy the condition y < 2* is sufficient, but not necessary, to ensure that a group G of the form considered in 3.11 satisfies Ge^(a). For an example to this effect let y = 2 a with α = log y and take G = ® y F with F a finite Abelian group with |F|>1. That G e^ (a) is clear from the isomorphism G = 0 2 ,cF F a of 3.1.
Lemma. Lei α and y be infinite cardinals such that α 6 <$tf(y). Then either
En route to the classification of those Abelian torsion groups which admit a pseudocompact group topology, we first consider/7-groups. We treat the general case fully in 3.19; the following example, included s an aid to the reader, is intended to illustrate the principles and the difficulties encountered in the general case. Proof. (a) => (b) . That G is of bounded order is given by 1.3. Suppose now that G = (J)« = 4 ^j^ Ζ(ρ Γί ) with ^ < ... < Γ Λ but there is h < n such that every i with k < i < n has either y t < y k or y { inadmissible. If k = l then | G \ is the inadmissible cardinal y l9 a contradiction, so we assume k>\. The continuous homomorphism
Theorem. Let y be an inadmissible cardinal, let p e P, and define
. Evidently G/K admits a pseudocompact group topology (the quotient topology), yet \GJK\ = £?=*}>,· is inadmissible.
(b) => (a). We write G = φ?=ι @ yi Z(p ri ) with r t < ··· < r" and we argue by induction on n.
When n = l we have G = @ y .Z(/? ri ) with y± admissible, and the required conclusion follows from 3.3.
Suppose the Statement true for n<m, and let G = 0ΓΛ 1 [y t : l < /< m -h 1} s hypothesized. Let i' 0 be the largest integer such that l < i 0 <m + l and y i() = max {y t : l < / < m + 1}, and note that y io is admissible. If i 0 = m + 1 then G has the form G = 0 y F0 0 i<y G i withy = y w +i,-F = Z(/? rw+1 ), and each G f ^ /% so 3.1 1 appplies. If i' 0 < m 4-1 we write G' = 0·^ ! 0 y . Ζ (/? Γί ) and <?" = ®T=il+i® yi Z(p ri ) and then, noticing that G' and G" satisfy the cofinal admissibility condition, we use the inductive hypothesis to find pseudocompact group topologies on G' and G". The product topology on G = G' χ G" is then pseudocompact, s required. α Now using (M) we can rewrite 3.17, casting condition (b) only in the language of algebra and cardinal numbers.
Theorem. Assume (M). Let p E P and let G be an Abelian p-group. Then the following conditions are equivalent.
(a) G admits a pseudocompact group topology.
(b) G has the form G = 0" = ί 0 y . Z (p n ) with r l <··· <r n and with the family {ji : l < i < n} satisfy ing these conditions: (1) either y n isfinite or (log log y,,) 0 < y", and (2) for every k such that l < k < n and ω <y k < (log logy fc ) w , there is i such that k < i < n and y t > y k and (log log y^ < y t .
Proof. This is simply 3.17, incorporating 3. Proof. Using 3.8(c) in place of 3.8 (b), restate 3.18 so that (M) is replaced by SCH and "log log" is replaced throughout by "log". The present Statement is immediate from 3.18 (thus modified) and 3.19. D
The following question is perhaps the simplest particular case of 3.7 which we are unable to settle. 2 )e^(a) and hence indeed Ge^(a).
While we have been unable to classify exactly those cardinals α for which a pseudocompactifiable group G satisfies Ge^(a), we achieve success (for Abelian torsion groups) when α > |G|. As with 3.20, our Statement takes a particularly pleasing form (see 3.25) when condition (M) is assumed.
Lemma.
Lei p e P, andlet G be an Abelian p-group which admits a pseudocompact group topology. If u, > ω satisfies m (a) < |G| < a, then G admits a pseudocompact group topology of weight a.
Proof. G has bounded order by l .3; we write G = 0-L t @ y . Z (p ri ) with r ± < · · · < r". Choose any / 0 such that y io = | G \ and define G' = @j°= ! φ ν . Ζ(ρ η ); further, if i' 0 < n, defineG" = 0?= io +i 0 7i Z (p fi ). The condition y = 2 a fails, l soconclusion(ii)of3.11 fails for G'. Thus (i) of 3.11 holds for G', that is, G' admits a pseudocompact group topology of weight a. The proof is complete in case i 0 = n (since then G' = G), so we need consider only the case j' 0 < n. Then G" is defined, and G" is an Abelian ^-group of bounded order which satisfies the cofinal admissibility condition. Then G" admits a pseudocompact group topology by 3.17, hence by 1. [14] . Using SCH, the same authors announced a characterization, similar to ours but differing in detail, of those Abelian torsion groups which admit a pseudocompact group topology. Some months after our research was completed, but before the present paper was submitted for publication, we heard by mail from D. Dikranjan that the characterization announced in [14] can be achieved also in ZFC, without additional axioms. He informed us that the proof of this and of other results announced in [14] and of additional related results can be found in [l 5], [16] .
Added in proof (September 1993): In private correspondence with the authors, D. Dikranjan announced a negative answer to Question 3.7 and a positive answer to Question 3.22 for α > ω.
